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1 Lecture 1

1.1 Felix Klein’s Erlangen-Nurnberg Theorem
Let (X, G) be a pair where:
e X is a set, and
e (5 is a group with operation -.
A group G is defined as a set with:
1. A binary operation G X G — G, Yg1,02,93 € G, (g1 - 92) - 93 = g1 - (92 - g3).
2. An identity element e € G such that g-e=g=e¢-g, Vg € G.
3. An inverse g~! € G for every g € G, satisfying g- g ' =g - g=e.
Lemma 1.1. The group (G, -) satisfies:
1. The identity element is unique.
2. The inverse g~' is unique for each g € G.

Proof. 1. Assume there are two identity elements e; and e;. By the definition of the

identity element:
€1 = €1 €y = €9.

Hence, the identity element is unique.

2. Let g € G and suppose g has two inverses g; and go. By the definition of the inverse:
n=ge=091-(9-92)=(91-9)-92=€92= g

Therefore, the inverse of ¢ is unique.

1.2 Transformation Group

Definition 1.1 (Transformation Group). A group G is called a transformation group on
X if G is a set of bijections ¢ : X — X and the group multiplication is given by the

function composition.



Example 1: Euclidean Isometries

Let X = R" with the Euclidean distance dy(x,y) = || — y||. A Euclidean isometry is a
mapping ¢ : R" — R" such that:

do(¢(x), ¢(y)) = do(x,y), Va,y € R".
The group of isometries of R™ is:
Isom(R") ={¢ | ¢p(z) = Az +b, b e R", A€ O(n)}.
Here:
1. O(n) is the set of all n x n orthogonal matrices, i.e., ATA = 1I.

2. b € R"™ is a translation vector.

Question

Why do Euclidean isometries use orthogonal matrices?

Answer

Orthogonal matrices preserve the length of vectors and angles. For ¢(z) = Az + b,
do(¢(z), d(y)) = ||A(z—y)|| = ||z —y]|, which holds only if AT A = I. Geometrically,
orthogonal matrices represent rotations and reflections.

Example

1. Rotation Matrix:

sinf cos®

A [COSG —sine}

This rotates vectors by angle # around the origin.
2. Reflection Matrix:
1 0
4= {0 _1} |

This reflects vectors across the z-axis.

Example 2: Affine Transformations

Affine transformations extend Euclidean isometries by allowing general linear mappings
and translations. An affine transformation ¢ is defined as:

o(z) = Ar+b, AeGL(n,R),beR",
where:
1. A € GL(n,R), the group of all invertible n x n matrices.

2. b € R"™ is a translation vector.



Question

Why must the matrix in an affine transformation be invertible?

Answer

Invertibility ensures:

1. No collapse to lower dimensions (e.g., projecting R? to a line).

2. Bijectivity: every point has a unique preimage, enabling the inverse transforma-
tion:

¢ H(z) = A" (z —b).

Example
1. Non-invertible matrix:
e 10
|0 0]
This projects all points onto the z-axis, losing information about the y-coordinate.
2. Invertible matrix:
1 2
A= {3 4} ’

This preserves the full dimensionality of the space.

1.3 Metric Space

Definition 1.2 (Metric Space). A metric space is a pair (X,d) where X is a set and
d: X x X —1[0,00) is a distance function satisfying:

1. d(p,q) >0, and d(p,q) =0 <= p=gq, Vp,q € X.
2. d(p,q) = d(g,p), Vp,q € X.
5. d(p,q) < d(p,w) +d(w,q), Vp,q,w € X.
Lemma 1.2. For (R",dy), K C R", Two True, Force the Third:
1. K 1is compact.
2. K 1is sequentially compact.

3. K 1is bounded and closed.

Question

What is compactness, sequential compactness, and the relationship with bounded
and closed sets?




Answer

1. Compactness: Every open cover has a finite subcover. In R", compactness <=
bounded and closed.

2. Sequential Compactness: Every sequence in the set has a convergent subsequence
within the set.

3. Bounded and Closed: A set is compact in R"™ if it satisfies these properties.

Example
1. [0,1]: - Compact: Yes (bounded and closed). - Sequentially compact: Yes.

2. (0,1): - Compact: No (not closed). - Sequentially compact: No (e.g., se-
quence z,, = 1 converges to 0, which is not in (0, 1)).

3. R: - Compact: No (not bounded).

1.4 Arc Length

Definition (Arc Length): Let (X, d) be a metric space and 7 : [0,1] — X be a curve.
Then the arc length of v is:
k

L(y) = sup Y d(y(t;-1), (1)),

keZy j=1

where 0 = tp < t] < tg < -+ < tp_1 < t, = 1 and {tj}fzo is a partition of [0,1]. If
L(v) < oo, the curve « is called rectifiable.

Question

Why does the definition of arc length use sup instead of inf?

Answer

Arc length is defined as the supremum over all possible partitions of the sum of
distances between consecutive points on a curve. Using sup ensures that finer
partitions can better approximate the true curve length. If inf were used, coarse
partitions might underestimate the length, failing to capture the curve’s geometry.

Example

For the parabola y(t) = (¢,t%),t € [0, 1]:

- Actual arc length: L(y) > 1.478.

- Coarse partition (e.g., to = 0,¢; = 1): Straight-line length /2 ~ 1.414, which
underestimates the true length.

1.5 Length Metric

Definition (Length Metric): Let (X, d) be a metric space, the length metric d*(p, q)

is defined as:
d*(p,q) = inf L(7),
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where « : [0, 1] — X is a rectifiable curve connecting p and q.

Question

Why does the length metric use inf?

Answer

The length metric d#(p, q) is defined as the infimum of arc lengths over all curves
connecting p and ¢g. This ensures that the metric captures the shortest possible
distance, avoiding unnecessary detours or longer paths.

Example

1. In R2, the length metric d*(p, q) equals the Euclidean distance d(p, q) because
the straight line minimizes the length.

2. On a sphere, d#(p,q) corresponds to the length of the shortest great circle arc
between p and gq.

2 Lecture 2

2.1 Curve

Definition (Curve): A mapping v : I — X, where I C R is an interval, is said to be a
curve if v is continuous.

Lemma 2.1. If (X,d) is a metric space, then (X,d") is also a metric space.

Theorem 2.1. (R",dy) is a connected and complete metric space (and is also path-
connected).

2.2 Connectedness

Definition (Connectedness): A metric space (X, d) is said to be connected if X does
not admit any separation:

X=AUB, A B#9, ANB=g, with A, B both open.

Definition (Path Connectedness): A metric space X is said to be path connected
if Vp, ¢ € X, there exists a continuous curve v connecting p and q.

Lemma 2.2. Path connected tmplies connected.

2.3 Parameterization by Arc Length
Let v : [0,1] = R" be a C'-curve. Denote:

e 7/(t): tangent vector at t,

e |7/ (t)]|: speed at t.



The length of ~ is given by:

- / I/ (6)]dt.

- / W (lldr, (1) = W @) > .

Define the arc length function:

Definition (Parameterization by Arc Length): Let v : [0,L(y)] — R" and

L = 3.
(v [O’s])

Lemma 2.3. ||/(s)|| = 1.

Lemma 2.4. Any C' curve meets a constant speed parameterization.

2.4 Coincidence of Distance Structures

Proposition 2.1. The two distance structures dy and dff coincide on (R", dy), where dif
is realized by ||p — q|.

Proof. Let 7y : [0,1] — R™ be a smooth curve connecting p and ¢, with constant speed
v. We define the variation of a curve 7y as:

Vi(t,s) =0(t) + sy(t),

where —e < s < ¢, 9 is a smooth function with (0 ) 1/1( ) =0.
Thus, V(0,s) = p, V(1,5) = ¢, and L(s) = L(V fo 10,V (¢, s)||dt.
We compute L'(0) as follows:

/||8t (t,s)| dt

10:V (2, 5)[| dt

d
/ ol
o 12
- [ B
[ o

SOV (19,00 (05) 200 V()|

s=0

dt

s=0

_ / (S 0V (1, 5))
||at tsu

o()) dt

I
\

1
T—" ] ot [
0
1
ot [ o)
0
where we used the fact that 1(0) = ¢(1) = 0 to eliminate the boundary terms.
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Thus, combining these results, we find that the variation L'(0) vanishes when ~q is
a straight line connecting p and ¢, since in this case 7 (f) = 0 for all . This implies
that the shortest path connecting p and ¢ in the distance structure d# is realized by the
Euclidean norm ||p — q||.

Finally, since d also corresponds to the Euclidean distance, it follows that dy and d#
coincide on (R", dy). O

3 Lecture 3

3.1 Length Space

Definition (Length Space): A metric space (X, d) is called a length space if d” = d.

Theorem 3.1. (R",dy) is a length space. In other words, for all p,q € R™, we have
do(p,q) = do#(p, q). Moreover, the shortest curve connecting p and q is the line segment

bg.

Remark:
do(p,q) < d#(p, q) < inf{l(v) | v is a smooth curve connecting p, q} = do(p, q)

= do(p,q) = d(p, q).

3.2 Isometry

Definition (Isometry): A function F': R® — R" is called an isometry if F' preserves
distances:
do(F(2), F(y)) = do(,y), Vr,y€R"

Lemma 3.1. If F(z) = Az + b, where A € O(n) and b € R™, then F' is an isometry.

Proof.
[do(F (), F(y))]” = || Az — Ay|[*
= (A(z —y), Alz —y))
= (ATA(z —y), 2 — y)
= |lz = yl* = [do(, y)]*.
Thus, do(F(x), F(y)) = do(x,y). O
Lemma 3.2. 1. The set of all Euclidean isometries is a group with respect to compo-

sition, denoted by Isom(R™)

2. The set of all affine mappings © — Ax + b, where A € O(n) and b € R™, is also a
group with respect to composition.

Definition (Isometry): More generally, given two metric spaces (X, dx) and (Y, dy),
a function F' : X — Y is called an isometry if:

1. Tt is an isometric embedding:

dy(F(p), F(q)) = dx(p.q), Yp,q€ X.
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2. I is subjective.

Lemma 3.3. The following are equivalent:
1. F:R" = R™ is an isometry and F(0) = 0.
2. F :R" — R" preserves inner products (-, -).

Proof. We prove (2) = (1) here.
[do(F (), F(y)))* = ||F(z) — F(y)II*

= IF@)II° +IFW)|* — 2(F (), F(y))-

Also, by
|F(0)|* = (F(0), F(0)) = (0,0) =0,
we get
| F(2)[]* = [do(F(x), F(0)]* = (F(x), F(0)) = |||,
IEW)II* = 1yl
Since

(F(z), F(y)) = (z,y),
we prove that
do(F(x), F(y)) = do(z,y).
m

Proposition 3.1. If {e;}7_, is an orthonormal basis of R" and F' : R* — R" is an
isometry satisfying:
1. F(0)=0.
2. F(e;) =e;, V1<j<n.

Then F' must be the identity.

Proof. For any x ="

j=1Tj€j, we want to show:

<F(x)7€j> = <$7ej>a V1 <j<n
By Lemma 3.3, F' preserves inner products:

(F(x),¢j) = (F(2), F(e;)) = (x, ¢5).

Theorem 3.2. The following are equivalent:
1. F:R™ — R" is an isometry.

2. F is an affine mapping, where F(x) = Ax 4+ b, where A € O(n) and b € R



Proof. We prove (1) = (2) here since (2) = (1) is proved by Lemma 3.1.

Define b = F(0) € R™ and set F(z) = F(x) — b so that F(0) = 0. Let {e;j}j=, be an
orthonormal basis. Define: é; = F(ej), Vli<j<n.

Since {&;} is an orthonormal basis, there exists a unique G € O(n) such that:

G(éj> = €y, V1 S] S n.
Thus, the mapping GoF :R" > R" preserves the origin and satisfies:

GoF(e)=e; V1<j<m,
which implies that o
GoF =1d
Therefore, F(x) = G~ (z) +b. O
3.3 Local Geometry of Euclidean Curves

Definition (Regular): A smooth curve 7 : [0,1] — R" has a regular parameterization
if:

V() # 0.
Let 7 : (0,1) — R™ be parameterized by arc length:

IV ()l =1, Vs €(0,1).

We denote T'(s) = +/(s), N(s) = {Unit vector in the direction of v"(s)}.
Definition (Curvature): The curvature of a curve is:

k(s) = [[T'(s)] = 17" (s)ll, where v"(s) = r(s)N(s).
Example:

The curve v(s) = (cos(s),sin(s)) has a constant curvature x = 1.

4 Lecture 4

Lemma 4.1. A regular curve 7 : [0,1] — R™ with F': R* — R", F' € Isom(R"), we have

d
I —||=
(Fonl=lz| Al

=to =10

d
e 0,1] 15|

Proof. Let 4 = F oy, we compute

dr d
i = DF(—’y ), where DF is the Jacobian matrix of F,
dt lt=t, dt lt=t,
given by
oh oh
oty T Oty
DF=|: -
Ofn Ofn
oty " Oty
Then
LHS = |[DF(Y)[| = Ay = II/'[l = RHS,
where F(x) = Az +b, A€ O(n),b € R". O



Note that Lemma 4.1 actually tells us that isometry doesn’t change the curvature in
R™.

Lemma 4.2. Let v : [0,]] — R™ has an arc-length parameter s, with an isometry F :
R™ = R", F € Isom(R™), then

VO <s<Il k(3(s)) =k(y(s)), wherey=For
Proof.

d d

(i) = |5 o] = | £76)] = | GOreE)| = 14700 = 1

Let v : [0,1] — R™ be a regular curve, then 7(s) can be written as y(¢(s)). Thus,
dy ds.dy 1 dy

ds ~ V@) dr = ] d

We note that . p
S
s)= [ Il = 5 = IV Ol
0

Also,
Py d, At

& = B\
which implies that

~—

i) ydt 1 _d ()
ly®N7ds [l @)l dt [l (1]

),

~—
I
IS
—~

t

~—

d( @)
)
[ (D)l

4.1 Regular Curves in R3

Let v : [0,1] — R? be a regular curve, having an arc-length parameter s. As mentioned
above, we denote T'(s) = 7/(s), 2= = |T"(s)|| = [[7"(s)]], where v"(s) = r(s)N(s).

Definition (Wedge product): The Wedge product between vector u = (uq, ug, ug)
and v = (vy, v9,v3) is given by :

i j k
UNV = |u; Uy U3
V1 V2 U3

We denote that 5(s) = T(s) A N(s). Since ||¥/(s)|| = 1 by definition, then
d

OE_ / /:2 /! /
%Wnﬁ ',

which implies that 4" L 4. Here N 1L T.
We can naturally give out that {T, N, 3} is an orthogonal basis on R3. Moreover,

TAN=BNAB=T,BAT = N.

This is known as Frenet Frame.
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Theorem 4.1. Let {T, N, 3} be the Frenet frame at v(s), then

(dT

— =N

ds "

dN
E:—TB—HT
dp

\E—TN

Here 7 is called the torsion of v, given by '(s) = 7(s)N(s). Moreover, it can be written

as
/

T T
N| =& |N|,
B B
where
0 v O
d=|—-r 0 —7
0O 7 0

Proof. Firstly, & dT = kN is proved by definition. Since (N, N) = 1, we have

N N N
Cils N) = N I N= al € Span{s,T}.

d
0:d—(N N) =2( 75 7

Since § =T A N, then

dj ag dp

i T'(s) AN(s)+T(s) ANN'(s) =T(s) NN'(s) = T 1T= 0 € Span{f3, N'}.
Also,
d
0= 25 =20 =T 1 s
Thus,
d
i,
and we write §'(s) = 7(s)N(s).
Additionally,
ﬂ:@/\T—i-ﬁ/\d—T—T]\f/\TjLﬁ/\/iN——TB—,%T
ds ds ds
[
5 Lecture 5

5.1 Multi-variable Calculus: A quick review

Consider the following functions:
f:R"™—=R" ~:[0,1] - R"
we have
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1. Fory:[0,1] — R"
2. DF:R™ — R" (Jacobi matrix)

Additionally, given a simple example with f : R — R, its differential is given by
df = f'(z)dz, and f(z) can be written as

f(x) = f(xo) + f'(wo)(x — 20) + Oz — xo/).

Consider a regular curve v(t) = (¢, f(t)), ~'(t) = (1, f'(t)), we can quickly write out the
tangent line at (to, f(to)):

e Passing through (g, f(to))
e Velocity at ¢ is (1, f'(t0))

And the length is given by
L(t) = (¢, f'(to) (t — to) + [(to))-

5.2 Fundamental Theorem of Regular Curves

Theorem 5.1. Let A(s) be an (n x n)-matriz, and each entry is continuous on interval
I C R. Consider the system:

Y1 Y1

d

" y2 — A(s) y2 , osel
Yn Yn

Then,
1. Given any (vy,...,v,) € R", there exists a unique solution
V(s) = (Va(s),-- ., Vals)
such that

V(0) = (vr, ..., vn)

2. The set S of all solutions of the equation above is a vector space of n dimensions,
so that
O:R" =S, (v1,...,0,) = (Vi(s),...,Va(s))

18 an isomorphism.

Theorem 5.2. Given two continuous functions k(s), 7(s), s € I, then there exists a

unique reqular curve
vl =R

(up to a Euclidean isometry) such that ~v(s) has curvature k(s) and torsion 7(s).
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Proof. Let v(s) be a regular curve parameterized by arc-length s, meaning that ||7/(s)|| =
1. The Frenet frame consists of {T', N, 5}, which satisfy the Frenet equations:

!/

T T
N| =& |N|,
5 B
where
0 v O
d=|—-kr 0 —1
0 7 O

Given k(s) and 7(s), we need to construct a frame {7, N, 5} satisfying the Frenet
system. This system is a first-order linear ODE for the orthonormal frame:

d T(s) 0 K(S) 0
£Y(s) = A(s)Y(s), whereY(s)= |N(s)|, A(s)=|—-kr(s) 0 7(s)
pls) 0 —7(s) 0

By the existence and uniqueness theorem for linear ODEs, for any given initial orthonor-
mal frame (7y, No, By) at so, there exists a unique solution (7'(s), N(s), 5(s)) satisfying
this system.

Since T'(s) = +/(s), the curve v(s) itself can be recovered by integrating:

A(s) = 7(s0) + / () du.

S0

Thus, given an initial point 7(sg) and an initial Frenet frame (7y, Ny, o), we can uniquely
reconstruct the curve 7(s).

Suppose there exist two different curves y(s) and (s) with the same curvature x(s)
and torsion 7(s). The system governed by A(s) has a total of 9 degrees of freedom.
However, specifying the initial position v(sg) reduces the freedom by 3 dimensions, the
unit tangent vector 1T'(sg) by 2 dimensions, and the principal normal vector N(sq) by 1
dimension. Consequently, a unique Euclidean isometry ¢ : R3 — R3 exists such that

©(v(s0)) = 7(s0), ¢(To, No, Bo) = (To, No, Bo).

This implies that any two solutions differing only by a Euclidean transformation must be
identical up to an isometry.

Thus, we have proven that for given functions x(s) and 7(s), there exists a unique
regular curve up to a Euclidean isometry. O

6 Lecture 6

Corollary 6.1. Any curve in R3 with constant curvature and constant torsion must be
either a circle (1 =0) or a heliz (T = constant > 0).

Definition (Tangent Curve): Given a curve v : [0, L] — R" the tangent line at
v(to) is the unique line

iy (8) = ' (to) (£ = o) +(to) 14, () =7 (to)-
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Fix € > 0, and let sy € [0, L]. Define

75730 (S) = )
which satisfies:
1. Yes5(0) =0.
2. lim 7. 5,(s) = 7' (s0)s.
e—0
Here if v is smooth, then
Vs () =1 K(Yes0(s)) = r(v(es + 50))-
Then we define the Tangent Curve of v at s = s¢ as
Vso(8) = ll_{% Ve,s0(8) + 7(80)-

Definition (Asymptotic Curve): Beyond local behavior, we consider the asymp-
totic limit as s — oo. For any € € (0, 1), we define

v(e7ts + s0) — v(s0)
8_1

76_1780(8) =

Y

where 7.-14,(0) = 0, and if 7 is smooth, then ||, , (s)|| = 1.
The limiting curve:

Yoo(s) = lim v 5, (s) + 7 (s0)
e—0
is called the asymptotic curve of v centered at y(sg). Here

1

1o o ()l = &7 (v (e s + 50)).-

If the curvature satisfies:
Kk(7(s)) = o(s),

then the asymptotic curve v, has curvature equal to zero when s ## 0, which is ensured
by

lim k(71 4, (5)) = lim r(y(e™"'s + 50))

e—0 e—0 £

=0

7 Lecture 7

Lemma 7.1. If a rectifiable curve 7y realizes do(x,y), then it must be v = Ty.

Proof. Suppose 3ty € (0,1) s.t. v(ty) ¢ Ty, then

do(,7(to)) = L(7]0.0))

do(v(to), y) = L(Vlfto,17)
Taking the sum,

do(x,y) < do(x,7(to)) + do(7(t0),y) = LV p.0) + L(Vito.11) = L) = do(, y)

which is a contradiction. O

14



Definition (Riemannian patch): Let U C R" be open and connected. A function
g : U — B(R") is said to be a Riemannian structure (metric) on U if

1. Vo € U, g, is an inner product with g,(u,v) = (u, G,v)

2. (G, is smooth on U.

Here B(R") is the space of all bilinear functions on R”. In this situation, (U, g) is called
a Riemannian patch.

Consider a function f : U — R, where U C R" is open and connected, and I'(f) =
{(z,f(z)) :x € U} CR"x R. Let v:[0,1] = U be a curve

7(t) = (v(B), fF(v (1)) € T(f).
Compute L(%) and ‘2—1
- [ = (Gawn ).
Then o
(G =15+ 91, v . )
We define

gz(u,v) = (u, vy + (Vf,u)(V f,v),

then Vx € U, g, is an inner product.
Recall: Given any orthonormal basis of R", any inner product uniquely corresponds

to a positive definite matrix.
gz (u,v) = (u, Gyv),

where G, is a positive definite matrix, satisfying

1. GY=aG,

2. 2'Gux > 0,Vr € R"
Example: Consider Riemannian patch (B;(0), gx), we have

4

o) = TR

IanTL

Specifically, if £ = —1, consider

V@) =tv, lly =1, A1) =v.
Then g_; is given by

g-1(7'(),7 () = gyy (v, v) = (v, Gy V) = = H%;}(t)HQ)Q - (1— H4tUHQ)2‘

o= [ (Y e (1)

Thus,




8 Lecture 8

8.1 Length structure on a Riemannian patch

Consider a Riemannian patch (U, g), where U C R" is a domain, and we have

1. Ve e U, g,(u,v) = (u, G,v)

2. g, is smooth in x < G, is smooth on U.

v :[0,1] = U. For a C'-curve ~ : [0,1] — U, we define its arc length and length metric
by

() = [ (gr0 (Y (), (1)) ? it

2. dy(x,y) = inf{Ly(y) : 7 is a piecewise C'' curve connecting z,y}
Theorem 8.1. (U, g) is a Riemannian patch = (U,d,) is a metric space.

Proof. We only prove dy(z,y) = 0= = =y here.

Claim 1: If dy(x,y) = 0, then y € B.(x, g9), where gy is the number that satisfies
B%(x, go) is compact in U. Suppose not, y & B.(x, go), dy(y, ) > €, then Vv : [0,1] = U
with v(0) = z,v(1) = y s.t. Lo(y) > e. Suppose v C B.(x, go), then

Ly(7y) > XoLo(y) > Aoe.
Suppose v € B.(x,go), then
Lg(7) = XoLo(V]j0,t6]) = Aoe.
Both of the cases imply that
dy(z,y) > Aoe > 0 = Contradiction.

Thus, If d,(z,y) = 0, then y € B.(z, go).
Claim 2: Inside B.(z, o), g is equivalent to go, that is,

Vw € Be(z,g90) 3Ao > Ao >0 st do(z,w) < dy(z,w) < Aodo(z, w).
Since g, is continuous in w € U, and B(z, gy) is compact in U, we have
Vw € Be(z,g0),u,v €ER™ JAg > Ag >0 s.t.Xg0(u,v) < gu(u,v) < Aggo(u,v).

Consider a curve v : [0,1] — U with y(0) = z,7v(1) = w € B(x,go). Suppose v C

Bz—:(x7g0)7 then
/ oGO @it 2 [ 1@l = dokoto).

Also, suppose v € B.(zx, go), then define

to = min{t € [0,1],~(t) ¢ B-(z,40)},
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which implies VO <t < g, y(t) € B.(x, go). Thus

to to
L2 [ o0 @)= do [ 17Ol = Lol 2
0 0

Since dy(x,w) = inf{L,(y) : v :[0,1] = U connects =, w}, by both cases discussed above,
we finally have

dy(z,w) > Xodo(z, w).
Additionally, we have
do(z,w) = Lo(Tw) > Ay ' Ly(Tw) > Ay dy(z, w).
Finally, we prove that
Vw € Be(z,g90) FAo > Ao >0 st do(z,w) < dy(z,w) < Aody(z, w).
By claim 1 and claim 2, we can prove that d,(z,y) =0 = dy(z,y) =0=>2=y. O

Definition (Normal Geodesic): v : [a,b] — U is called a Normal Geodesic if
Vt € (a,b),3e >0, s.t. Vti,ta € (t —e,t +¢),

we have
dg(v(t1),v(t2)) = [t1 — to],
which is equivalent to
dg(’Y(tl)a'Y<t2)) = Lg(’Y[m,m])-

Definition (Minimal Geodesic): 7 : [a,b] — U is called a Minimal Geodesic if

Lg(v) = dg(7(a),7(b)) = |b — al.

9 Lecture 9

Lemma 9.1. (U,d,) is a length metric space, i.e. d, = df.

Proof. We define dy(p, q) = inf{L(7)|y € Cpq} and d¥f = inf{L(7)|y € R,4}, where

Cp,q = All piecewise C! curves connecting p, g,

R, = All rectifiable curves connecting p, q.

Then C,, € R,, since there are more elements in C,,, from which we get d,(p,q) >
d;#(p, q). Also by definition, d,(p, q) < djé(p, q). Finally, we obtain d,(p, q) = d#(p, q). O

Definition (Lower Semi-continuity) : A function f(x) has a Lower Semi-
continuity in xg if

f(zo) < lim inf f(x).

T—T0

Lemma 9.2. Let ; : [0,1] — U be rectifiable curves that pointwise converge to oo :
0,1] — U, then
L(7a0) < lim inf L(7;).
j—oo
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Proof. Fix € > 0, s.t. there is a partition p = {0 =ty <t; <--- <ty =1} of [0,1], s.t

> dy (e (tr)s Yoo (te-1)) > L) — &

For any 1 < k < N, M}, = My(e) > 0, s.t.
dg(Yoo(tr), (k) < € Vj = M.
Take My = maxj<p<n My, then V5 > My(e),
dg(Voo (tr), 7j(tr)) < e VI <k <N.
Thus

N
k=1

k=1
We further get

N

L) £ (N 41D+ dy(7(ta), 7 (k1)) = (N + 1)z + L(7;)-

Finally,
L(vs) < lim inf L(7;) + (N 4+ 1)e = L(700) < lim inf L(v;).
j—00

—>(>O

10 Lecture 10

Lemma 10.1. Let (X,d) be a length space. Given p,q € X, if one can find a sequence
of rectifiable curves ;= [0,1] = X, s.t.

1. L(v;) — d(p,q),

2. Assume {;} pointwise converges to v : [0,1] — X that connects p,q,

then v 1s a minimal geodesic s.t.

L(Ye0) = d(p, ).

Proof.
d(p,q) < L(7s0) < 1ijm L(v;) = d(p, q).

]

Definition (Qo-Lipschitz curve): In metric space (X, d), a curve v : [0,1] — X is
Qo-Lipschitz curve if

tht? € [07 1]7 d(’y(tl)77(t2)) S QO’tl - t2|'

18



Lemma 10.2 (Arzela-Ascoli theorem). Let (X,d) be a compact metric space, and ; :
0,1] = X be a sequence of Qo-Lipschitz curves. Then there exists a sequence {v;, }rez+
that converges uniformly to some Qq-Lipschitz curve v, i.e.

sup d(7;, (1), ¥ (t)) = 0 as k — oo.
te(0,1]

Lemma 10.3. If (U, g) is a Riemannian patch, then

B.(p) = {q € Uldy(q,p) <1}

Proof. We can easily verify that B,(p) C R.H.S. Denote S,(p) ={y € U : dy(y,q) = r},
then we will show Vy € S,.(p),y € B.(p). Suppose not, then Jy € S,.(p),e0 > 0, s.t.

B.,(y) N B.(p) = 0.

For j — oo, 3v; : [0,1] — U connecting y, g, s.t.
L(y;) <r+j7,

where 7;(0) = y,7v;(1) = p. Let t5 € [0, 1] satisfying

Ly (vili0.001) = %’
then -
dg(7(0),75(t0)) = 15 < €0 = i(to) € Bey(v)-
Also,
Lo(lio) = La() = Lo(lioaa)) 7457 = 15 <.
we get

dg(7;(1),7;(t0)) < Le(vjlite,1) <7 = 7i(to) € Br(p).

We get a contradiction here, which implies that Vy € S,(p),y € B,(p). We further prove

this lemma by B,(p) = R.H.S. O

Lemma 10.4. If (U, g) is a Riemannian patch, then Vo € U,3e = ¢, > 0, s.t. B.(x) is
compact in U.

Proposition 10.1. If (U, g) is a Riemannian patch, assume Bg(p) is compact in U, then
Vx € B,(p), there exists a minimal geodesic 7y : [0,1] — Br(p) with v(0) = p,v(1) = =.

Proof. Letting r = dy(x,p) < R, then 30 > 0, s.t. r < R — 4.
Given a minimizing sequence {v; : [0,1] — U} with constant speed, s.t. L,(vy;) —
dy(z,p). Then for j sufficiently large, we have

17illg < 2dy (2, p),

and

% C Br(p): Yt €[0,1],dy(p,7(1) < L(vjloa) < L) <7 +57" < R.

Thus, 7; converges uniformly to V. O
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11 Lection 11

Lemma 11.1. (X, d) is compact if and only if (X, d) is sequentially compact.

Lemma 11.2. If B,(p) is compact, then Je > 0 that satisfies B,..(p) is compact.

Proof. Since B,.(p) = B,(p) U S,(p), and S,(p) = {x € B,(p) : dy(x,p) = r}, then both
S.(p) and B,.(p) are compact.
Consider O = {B.,(y) : B:,(y) is compact ,y € S,(p)}, since B,p is compact, then
HB., (i)}, € O that covers S,(p). Take g = mini;<ye; > 0, let £ = £
Take any ¢ € B,;.(p) with r < dy(p,q) < r + ¢, then for any sufficient large j,

AC!-curves connecting ¢, p s.t.

r<Lyr)y<r+e+j .

th to = inf{t € [0,1] : () & B.(p)}. then y(to) € Sy(p), Ly(Vjool) = dy(p, 7(t0)) =

dy(q,7(t0)) < Le(Yion)) < Lg(7) = Ly(ylpa) <€ +77" < 0.

Thus
dg(q,7(to)) < eo.

]

Lemma 11.3. Suppose Vj € Zy,f; : Zy — X is a mapping. Then there exists a
subsequence {S(1) hiez, of {j}iez. s-t. {fsq)(n)}iez, converges for alln € Z.,.

Proof. Fix k € Z., there exists a subsequence {ji(l)}cz, of {j}jcz, s.t.

{fjl(l)<1>}l€Z+7 {fj2(l)(2>}l€z+7 T {fjk(l)(k>}l€2+ CONVerges.
Let S(I) = j1(1), then {fsq)(n)}iez, converges Vn € Z,., and

S(1) € {51(1),52(2), -+, a1 (n = D} U {n (D) bizn.

Lemma 11.4. IfVr < R, B,.(p) is compact, then Br(p) is compact.

Proof. Let €, = 27% k — oo, then m is compact.

Taking {z}}rez, C Br(p) with dy(zy, ) > R — ¢, we observe that Bs, (xx) N
Br_.,.(p) # 0. For any fixed k € Z,, El{yj Niez, C Bae,(z) N Br_e, (p), which im-
plies that there exists a subsequence {S(I)}icz, s.t. {ygﬂ(g)}leﬁ converges Vk € Z,. For
sufficient large kg s.t. 27% < 15, we have

k
d(Ts(1y, Ts(m)) < d(IS(z),yg( )+ d(y 0) yé(m ) +d(y (m)vl’S(m)) <

Theorem 11.1 (Hopf-Rinow). Let (U, g) be a Riemannian patch, where (U,dy) is com-
plete, then
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1. Any bounded, closed subset is compact

2. V¥p,q € U, there exists a minimal geodesic connecting p, q.

Proof. The key is to prove (1), since (2) can be obtained by (1). We only need to verify
that any Bg(p) is compact. Our idea is to assume that T(m is compact, then for some
e >0, B,ic(p) is compact. -

Let 7 = {r < R|B,(p) is compact in U}, then Bx(p) is compact and 7 = R (otherwise,
Bri-(p) is compact). By the lemmas above, we prove the theorem. ]

12 Lection 12

Let v : [0,{] — U be a smooth minimal geodesic connecting p = v(0),q = (1), which
is parameterized by arc length. We define V' (¢,s) : [0,1] X [—¢,e] — U to be a smooth
variation of v with V(0,s) = p,V(1,s) = ¢ and V(¢,0) = ~(t). We write X(t) = %—Z s=0
as the variation vector field.

Our technical goal is to compute the equatlon that a smooth geodesm satisfies. We

denote v,(t) = V/(t,s),7.(t) = 97, then L, = Ly fo Gy (22, )3 4t
If v = vy is a smooth geodesic, then
d
7 |s= Ls — 07
ds| 0
that is,
0 : OV OV .1
— o= 2dt = 0.
8S| 0/(;9’75((8 at)
We denote Q = g,y (%r, 2°) = (97, G5y (27)), then we rewrite the equation as
10
——|s=oQdt = 0.
/ A

We compute

0*V ov ov 0 ov
2= (5 GG + (G o (oo (S

We need to further simplify the %(G%(t)( V)), which is given by

9 1% 9 oV oV
55 G (5r)) = (5-Grw) 5 + Grw(55)-

Take a closer look of G ), G = (gij)1<ij<n, €ach g;; is a smooth function on R".
Given a curve v : [0,1] = R™, G,(t) = (gi;(7(t)))1<ij<n, where G,(t) : [0,1] — R™*",

then _ _
DGy (v (t) )
; DGl ()
G (1) = 3(7 )1,
| DGL(Y'(t))
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where G; =

and

Thus,

the i-th row of g : R® — R"™. Thus,

0 oV
%G%(t) = DGws(t)((%)%

0 oV oV . .oV 0%V
@(Gw)(a)) = (DGW)(g))E + G%(”(@)'

%LSOQ = 29(X'(t),7(t) + 9(7/ (1), G, G (DG, (X)) (V' (1))).

Finally, we write our initial expression as

l
/0 (9(X'(0),7/(1)) + 9T (1), X (), 7' (£)) ),

where T(+/, X) = 1G4 (DG, (X))(7'(1)).
We could further simplify the exprssion as

l
/0 0y (Vi X (1), 7/ (1),
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